It is also found that the gas to liquid velocity ratio and the dielectric constants have dual roles on the stability of the system (stabilizing as well as destabilizing) under certain conditions. The effects of various parameters on both the maximum growth rates and the dominant wave numbers for symmetric and antisymmetric disturbances have been discussed in detail.
INTRODUCTION
The instabilities and breakup of thin liquid sheets in a gaseous ambient are of considerable scientific importance, and have a variety of practical applications such as spray drying operations, chemical and pharmaceutical processes, and power generation and propulsion systems, diesel engines, gas turbine engines, liquid rocket engines, oil burners, spray coating process, plastics manufacture, metal powder production and lubrication (Lefebvre, 1989; Yarin, 1993; Lin, 2010) . Investigation of the stability of liquid sheets in motion was first made under the linear approximation of the equations of motion and supposing an inviscid flow for both the liquid sheet and the surrounding gas. In this case, only the velocity of the liquid and its interaction with that of the gas are the source of instability while the surface tension and density of the gas are stabilizing. The stability of moving inviscid liquid sheets of uniform thickness was first investigated by Squire (1953) , and Hagerty and Shea (1955) . This problem was extended by Dombrowski and Johns (1963) to include the effects of viscosity but with an additional approximation for large Weber numbers. The complete stability calculation of the viscous liquid sheet in motion, valid for any Weber numbers, was first done by Li and Tankin (1991) . They obtained very interesting results concerning also the inviscid liquid sheet. For Newtonian liquid sheets in an inviscid gas medium the instability and breakup have also been studied by Li (1994) , Ibrahim (1995) , Ibrahim and Akpan (1996) , Lasheras and Hopfinger (2000) , Ramamurthi (2005, 2010) , Negeed et al. (2011) , and Nath et al. (2010 Nath et al. ( , 2014 , among others.
However, all the literature mentioned above focuses mainly on Newtonian liquid sheets. In contrast, the breakup mechanism of the non-Newtonian liquid sheets has received comparatively much less attention (Ruckenstein and Jain, 1974; Oron et al., 1979) . The instability of non-Newtonian liquid sheets moving in an inviscid gaseous environment is investigated by Alleborn et al. (1990) , Liu et al. (1998) , and Brenn et al. (2000 Brenn et al. ( , 2001 . A linearized stability analysis shows that non-Newtonian fluids have higher growth rates than Newtonian liquid sheets for both symmetric and antisymmetric disturbances, indicating that non-Newtonian liquid sheets are more unstable than Newtonian liquid sheets. It is observed that the maximum growth rate of antisymmetric disturbances is always larger than that of symmetric disturbances, while the dominant wave number of antisymmetric disturbances is always smaller than that of symmetric disturbances. This indicates that the antisymmetric disturbances always prevail over symmetric disturbances for non-Newtonian liquid sheets. The same conclusion has been obtained by many investigations (Bird, 1976; Pearson, 1976; Liu and Liu, 2008; Yang et al., 2010 Yang et al., , 2012c Tong et al., 2014) .
Electrohydrodynamics arises in many complex chemical and industrial engineering processes, it ordinarily implies the interaction of an externally applied electric field with a flow fluid, and it can be regarded as a branch of fluid mechanics concerned with electrical force effects, while the electrohydrodynamic atomization of liquids is commonly used with reference to systems in which the dispersion of liquid is mainly due to the action of electrical forces. A survey on electrohydrodynamics with special references to many of the developments in the field is given by Melcher (1981) . Meanwhile, a detailed electrohydrodynamical investigation on the mechanism of the liquid sheet disintegration phenomena in the gas flow has been demanded in the field of spray engineering (Smith, 1986; Baily, 1988; Sung and Lee, 2004; Lee et al., 2011) . Besides the interest and applications of electrohydrodynamics in various fields such as the electro-fluid dynamics of biological systems (Melcher, 1981) , dielectrophoretic orientation (Smith, 1986) , expulsion of liquid in zero gravity environment (Yarin, 1993) , and insulation research in liquids and gases (Baily, 1988) , there seems to be a close connection between this atmospheric area and cloud physics, physico-chemical hydrodynamic bubble and drop dynamics (Bard et al., 2002) , and the electrostatics of thunderstorms (Lee et al., 2011) . In view of these facts, there is a growing need for original research in the basic electrohydrodynamic phenomena involving the use of non-Newtonian fluids on which the spectrum of applications, e.g. agricultural industry, biomedicine, and application of gel propellants in rocket propulsion system, is based. However, little is known about the instability and breakup of the electrohydrodynamic non-Newtonian liquid sheets because the interaction between the liquid viscosity and elasticity in the presence of the electric field is very complicated. The electrohydrodynamic liquid sheet instability problems of conducting and dielectric fluids for different configurations have been studied by El-Sayed (1999 , 2004 , 2006 , El-Sayed and Syam (2007a,b) , Yang et al. (2012a,b), and El-Sayed et al. (2013) .
In this paper, we have investigated the linear electrohydrodynamic instability of a non-Newtonian dielectric liquid sheet issued in an inviscid dielectric gas medium of different velocity by using the Oldroyd eight-constant model. In the following sections, the dispersion relations between the growth rate and wave number of both symmetric and antisymmetric disturbances are derived, and some limiting cases are recovered. Then, the effects of various parameters included in the analysis, namely the electric field parameter, gas to liquid velocity ratio, gas and liquid dielectric constants, time constant ratio, liquid elasticity, liquid viscosity, gas to liquid density ratio, surface tension, and liquid sheet velocity on the growth rates of symmetric and antisymmetric disturbances are studied in detail using a simple numerical technique, and a number of quantitative conclusions on the stability behavior of the considered system are drawn.
THEORETICAL FORMULATION
We consider a sheet of non-Newtonian liquid sheet, of the Oldroyd eight-constant type, moving through an inviscid gas. The liquid flow is uniform with velocity U , thickness 2a, density ρ, dielectric constant ε l , and pressure p. The gas moves with velocity U g , density ρ g , dielectric constant ε g , and pressure p g . The whole system is influenced by a uniform horizontal electric field E 0 in the positive direction of the x axis. The coordinates are chosen such that the x axis is parallel to the direction of the liquid sheet flow, and the y axis is normal to the liquid sheet with its origin located at the middle plane of the liquid sheet, see Fig. 1 . We also assume that the quasi-static approximation is valid, then the electric field E can be derived from the gradient of a scalar potential V , and hence the linearized governing Maxwell's equations for the applied electric field reduce to 
where the subscript (j = l) denotes the liquid phase while the subscript (j = g) denotes the gas phase and the total electric field is given by
where i is the unit vector in the x direction. From Eqs. (1) and (2) we find that the electric potential function satisfies Laplace's equations
As is customary in linear stability analysis, we assume that all perturbation quantities can be expressed in the form of (some function of y) multiplied by an exponential time factor. Assuming hence that the electric potentials V j take the following form:
substituting from Eq. (5) into Eq. (4), we obtain the following second order differential equation:
and by solving this equation, then the electric potential functions in the two phases are obtained in the forms
where D 1 , D 2 , F 1 , and F 2 , are constants of integration to be determined.
Liquid Phase
Since the velocities of liquid and gas are small compared to the sound velocity, it is assumed that both fluids are incompressible. The following linearized equations are obtained after neglecting the nonlinear terms and gravitational effects as (Liu et al., 1998 )
where ρ is the liquid density, v is the liquid velocity vector, τ is the extra stress tensor of the liquid,γ = (∇v)+(∇v)
T is the strain tensor, η 0 is the zero shear viscosity, λ 1 is the stress relaxation time, λ 2 is the deformation retardation time, and Π is the total stress tensor of the liquid defined by
where M is the Maxwell stress tensor, E is the total electric field defined by Eq. (3), p is the pressure of the liquid due to the disturbance, and δ is the unit tensor. Note that the Maxwell stress tensor vanishes within the bulk of the dielectric liquid due to the absence of free charges, and therefore enters the problem only through the normal stress boundary condition. The boundary conditions depend on whether the sheet disturbance is antisymmetric or symmetric. For antisymmetric disturbances, the displacements of the corresponding points on the two interfaces are equal in magnitude and in the same direction, while for the symmetric disturbances, the displacements are equal but occur in the opposite directions. Therefore, for antisymmetric and symmetric disturbances, the two interfaces are regarded to have, respectively, the following forms:
where y ≈ ±a are the equilibrium position of the two interfaces, ξ is the displacement of a point on the surface. In the following derivation process the antisymmetric disturbance regime is first accounted for, and then the result of symmetric disturbances is presented. The flow field solutions of the above governing equations have to satisfy the kinematic, dynamic, and electric field boundary conditions at the two interfaces, which can be taken as y ≈ ±a. At the two interfaces, the normal velocity derived from the governing Eqs. (7) and (8) should be equal to the total derivative of the interface displacement in Eq. (11), the shear stress should vanish, the tangential component of the electric field should be continuous, the normal component of the electric displacement vector should be continuous, and the normal stress should be balanced by the surface tension.
For a two-dimensional liquid sheet, the velocity vector of the liquid v is defined as
where j is the unit vector in the y direction. The stress tensor τ, the strain tensorγ, and the interface displacement ξ are periodic functions in x and exponential in t, which is regarded as
where k is the wave number of the disturbance (k = 2π/λ, where λ is the wave length of the disturbance), ω is the complex frequency (ω = ω r + iω i ), where ω r represents the rate of growth of the disturbance, ω i is 2π times the disturbance frequency; −ω i /k is the wave propagation velocity of the disturbance, and ξ 0 is the initial amplitude of the disturbance, which is taken to be much smaller than the half-thickness a of the sheet.
Differentiating Eq. (13) with respect to x and t, give
Substituting Eqs. (15)- (18) into Eq. (9) yields
where
Substituting Eq. (19) into Eq. (8) and expressing the continuity and momentum equations in suitable components forms yields the following equations:
the corresponding boundary conditions for the antisymmetric disturbance case, can be expressed as (Liu et al., 1998; El-Sayed, 2004 )
where σ is the surface tension coefficient. Note that Eqs. (26)- (28) 
, and the balance of the normal stress tensor [Π
at the interface y = ξ(x, t), respectively, where n = (−∂ξ/∂xi + j), t = (i + ∂ξ/∂xj) at y ≈ a and
The electric potentials V l and V g can be determined using Eqs. (6) and the boundary conditions (26) and (27) as follows:
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In Eqs. (21)- (23), the solution can be expressed in the following forms (Levich, 1962) :
where the terms with the subscript i relate to an ideal liquid, and the terms with the subscript r contain the effects of liquid viscosity and elasticity of real fluid. It is obvious that the liquid viscosity and elasticity change the value of the frequency but not of the pressure distribution.
In an ideal fluid, u i and v i satisfy their continuity equation, i.e.,
and the velocities are related to a velocity potential ϕ by
Substituting Eq. (33) into Eq. (32) gives the Laplace equation for the velocity potential
From the momentum equation for ideal liquid, the pressure can be determined by
Assuming that ϕ takes the following form:
substituting Eq. (36) into Eq. (34) yields
Solving Eq. (37) gives
Thus,
where A 1 and A 2 are integration constants. Substituting Eq. (39) into Eqs. (33) and (35) yields
Substituting expression of u and v in Eq. (31) into Eq. (21) and using Eq. (32), u r and v r are related to the following equation:
Substituting Eq. (31) into the momentum Eqs. (22) and (23), and using Eqs. (32)- (35) gives
Assuming u r and v r to be given by
where ψ is an unspecified function of time and space coordinates and satisfies Eq. (41) automatically. Substituting this equation into Eqs. (42) and (43), integrate the resulting equations with respect to y and x, respectively, and set the constants of integration equal to zero, the following relation can be obtained
Similarly, assuming that ψ has the form
it is found that Eq. (45) can be transformed into the following form:
Solving Eq. (47) yields
and hence
where B 1 and B 2 are integration constants. Substituting ψ into the equations for u r and v r gives
The velocity and pressure profiles in the liquid sheet are attained after substituting Eqs. (40) and (51) into Eq. (31)
Substituting from Eq. (52) into Eq. (24), we obtain
Subtracting Eq. (54) from Eq. (53) yields
To make Eq. (55) true, it is obvious that the unknown constants must satisfy the following relations:
From Eq. (52) by means of the boundary conditions (25), the following relations are attained at y ≈ ±a:
Substituting Eq. (56) into Eqs. (53) and (57) gives
Solving Eqs. (59) and (60), the constants can be determined as
Substituting the constants into the velocity and pressure profiles in the liquid sheet yields
Gas Phase
In the present analysis the gas around the moving liquid sheet is presumed to be inviscid, and it moves at a velocity U g in the same direction as the flow of the liquid sheet. Similar to the liquid phase, the governing equations for the gas phase are expressed as follows:
where Eq. (63) is the gas phase continuity equation, and Eqs. (64) and (65) are the gas phase momentum equation. The boundary conditions for the gas phase are regarded as
The gas velocity can be expressed in terms of a velocity potential ϕ g , since it is regarded as an inviscid fluid
The pressure profile for the gas phase takes the following form:
assuming the velocity potential for the gas phase to be
Similar to the solving process of the liquid phase equation, after substituting Eqs. (68) and (70) into Eq. (63) and solving it, the gas velocity potential is obtained
The solutions to the governing equations for the gas phase can be attained from Eqs. (70) and (71) by using the velocity potential for the gas phase
From the boundary conditions for the gas phase it is known that C 1 = 0 due to v g = 0 at y → +∞. Thus, the velocity and pressure distribution in the gas phase, for y ≥ a, become
It is also known that C 2 = 0 due to the condition v g = 0 at y → −∞. Thus, the velocity and pressure distribution in the gas phase, for y ≤ −a, become
At y = a, combining Eq. (66) with Eq. (74), the constant C 2 is given by
Similarly, at y = −a, using the boundary condition (66) and Eq. (77), we get
Substituting from Eqs. (79) and (80) into Eqs. (73)- (75) and (76)- (78), respectively, we obtain
for y ≥ a and y ≤ −a, respectively. To find the dispersion relation, for the antisymmetric disturbance case, we substitute the values of p, p g , v, V l , V g , and ξ into the normal stress condition (28) at y = a, we use the negative sign in the right-hand side and the gas pressure for y ≥ a; but if we substitute into the normal stress condition (28) at y = −a, we use the positive sign in the right-hand side and the gas pressure value for y ≤ −a. The final result for the dispersion relation will be the same because tanh(−ka) = − tanh(ka).
DISPERSION RELATIONS FOR DISTURBANCES
Substituting Eqs. (14), (30), (62), and (83) into the normal stress boundary condition (28) at y = a leads to the following dispersion relation between k and ω for antisymmetric disturbances:
Similarly, it is easy to get the dispersion relation of a moving non-Newtonian liquid sheet for the symmetric disturbances in the form (see Appendix B)
For convenience, the above two dispersion relations of the electrohydrodynamic non-Newtonian liquid sheets are expressed in dimensionless form as
[
and [
for antisymmetric and symmetric disturbances, respectively, where
and
is the ratio of gas to liquid density,Ũ = U g /U is the ratio of gas to liquid velocity,λ = λ 2 /λ 1 is the ratio of deformation retardation time to stress relaxation time, We = ρU 2 a/σ is the liquid Weber number, Re = ρU a/η 0 is the Reynolds number, Z = η 0 / √ ρσa is the Ohnesorge number, El = η 0 λ 1 /ρa 2 is the Elasticity number, andẼ 0 = E 0 / √ σ,ε l = ε l a,ε g = ε g a. In general, the value of the time constant ratioλ = λ 2 /λ 1 is considered to lie between 1/9 and 1 (Bird et al., 1977) . When λ 1 = λ 2 = 0 (i.e., El = 0) and the gas is stationary (i.e. U g = 0), the sheet of non-Newtonian fluid is transformed into that of Newtonian fluid (at this condition η 0 = µ, where µ is the dynamic viscosity of Newtonian fluid), and the dispersion relations reduce to the results obtained
for antisymmetric disturbances; and
for symmetric disturbances. Furthermore, when µ = 0 (i.e., Z = 0), the dispersion relations readily reduce to the results of inviscid fluids attained by El-Sayed (2004) in the two-dimensional case
for symmetric disturbances. For the above process, it can be seen that the dispersion relations for Newtonian and inviscid liquid sheets are recovered from Eqs. (86) and (87) that are used for the non-Newtonian case. Note that in the absence of electric field parameterẼ 0 , we obtain from Eqs. (86) and (87) the following dispersion relations:
]
for antisymmetric and symmetric disturbances, respectively, and hence we recover the same results obtained by Liu et al. (1998) . Note also that the last two equations in the corresponding case of Newtonian fluids (El = 0), and the gas is stationary, reduce to the dispersion equations
for antisymmetric and symmetric disturbances, respectively, which were obtained earlier by Li and Tankin (1991) and these two equations in the absence of viscosity, reduces to the same results of inviscid fluids attained by Squire (1953) .
STABILITY ANALYSIS AND DISCUSSION
The instability of liquid sheets corresponds to positive values of the disturbance growth rate (i.e., ω r = 0 or Ω r = 0), and the disturbance growth rates of different fluids can be gained through solving the above corresponding dispersion relations. The dimensionless dispersion relations are solved numerically by taking Ω i = −K in accordance with Gaster theorem (Gaster, 1962) , and using the (FindRoot) command in Mathematica software taking into account that Ω r = 5 as an initial guess value for the root, we obtain by iteration, the solution as an ordered pair (K, Ω r ) for different values of the other physical parameters included in the analysis, and then by using the ListPlot command, we get the required figures listed below (El-Sayed et al., 2015) . The obtained results are tabulated and then illustrated in Figs. 2-13 for the non-Newtonian eight-constant model, both in symmetric and antisymmetric disturbances cases. The case of absence of both an electric field parameter and a gas to liquid velocity ratio (i.e., when E 0 = 0 and U = 0 or 2), which represent the case of viscoelastic liquid sheet in a stationary gas, is drawn using our numerical technique and we have obtained the same results shown earlier by Liu et al. (1998) (see Figs. 8-13 when U = 2) who used the numerical Muller's method (Muller, 1956) . Hence, hereafter one can study various physical problems of interest of liquid sheets or liquid jets, as generalization to those problems studied before, using this simple method for numerical calculations. The instability limit is defined as the maximum wave number of the disturbances which results in instability. The wave number at this instability limit is termed as the cutoff wave number, which is the value of the wave number at the point where the growth rate curve crosses the wave number axis in the plots of wave growth rate versus wave number, and can be obtained from the corresponding dispersion relations by setting ω r = 0 or Ω r = 0. When the wave number is over the cutoff wave number, the liquid sheet is stable. The disturbances with the wave number within the range of the left side of the cutoff wave number are unstable. Therefore, this range can be called the instability range of the liquid sheet. Also, the dominant wave number is defined as the wave number at which the growth rate is a maximum, and it is very important for practical applications, because it gives an indication of the ligament breakup length. The maximum growth rates and the dominant wave numbers have been drawn versus all the physical parameters of the physical problem, and the obtained results are illustrated in Figs. 14-17.
FIG. 2:
Variation of growth rate with wave number of symmetric and antisymmetric disturbances, for Newtonian and non-Newtonian fluids, when El = (0, 0.5), We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5,Ũ = 2.5,ε l = 1.5, ε g = 1, ifẼ 0 = 0 (normal curves), andẼ 0 = 2 (curves with star).
FIG. 3:
Variation of growth rate with wave number of symmetric and antisymmetric disturbances for various values of electric field parameterẼ 0 , when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5,Ũ = 2,ε l = 1.5, andε g = 1.
FIG. 4:
Variation of growth rate with wave number of symmetric and antisymmetric disturbances for various values of gas to liquid velocity ratioŨ ≤ 2, when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5,ε l = 1.5, ε g = 1, ifẼ 0 = 0 (normal curves) andẼ 0 = 2 (curves with star).
FIG. 5:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of gas to liquid velocity ratioŨ > 2, when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5,ε l = 1.5, ε g = 1, ifẼ 0 = 0 (normal curves) andẼ 0 = 2 (curves with star).
FIG. 6:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of dielectric constantsε l <ε g , when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5,Ũ = 2, and E 0 = 1.2.
FIG. 7:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of dielectric constantsε l >ε g , when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,λ = 0.5, andẼ 0 = 1.2.
FIG. 8:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of time constant ratioλ, when El = 0.5, We = 2500, Z = 0.05, Re = 1000,ρ = 0.001,ε l = 1.5,ε g = 1, andẼ 0 = 0.
FIG. 9:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of elasticity number El, when Z = 0.05, We = 2500, Re = 1000,ρ = 0.001,λ = 0.5,ε l = 1.5,ε g = 1, andẼ 0 = 0.
FIG. 10:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of Ohnesorge number Z and Reynolds number Re, when El = 0.5, We = 2500,ρ = 0.001,λ = 0.5,ε l = 1.5,ε g = 1, E 0 = 0, ifŨ = 0 or 2 (normal curves), andŨ = 0.2 or 1.8 (curves with star).
FIG. 11:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of gas Weber number We g and gas to liquid density ratio ρ, when El = 0.5, We = 2500, Z = 0.05, Re = 1000,λ = 0.5, ε l = 1.5,ε g = 1,Ẽ 0 = 0, ifŨ = 0 or 2 (normal curves) andŨ = 0.2 or 1.8 (curves with star).
FIG. 12:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of gas Weber number We g and Ohnesorge number Z, when El = 0.5, Re = 1000,ρ = 0.001,λ = 0.5,ε l = 1.5,ε g = 1, E 0 = 0, ifŨ = 0 or 2 (normal curves) andŨ = 0.2 or 1.8 (curves with star).
FIG. 13:
Variation of growth rate with wave number for symmetric and antisymmetric disturbances for various values of gas Weber number We g and Reynolds number Re, when El = 0.5, Z = 0.05,ρ = 0.001,λ = 0.5,ε l = 1.5,ε g = 1, E 0 = 0, ifŨ = 0 or 2 (normal curves) andŨ = 0.25 or 1.75 (curves with star).
FIG. 14:
Effects of time constant ratio of non-dimensional (a) maximum growth rate, and (b) dominant wave number, of non-Newtonian fluids at El = 0.5, We = 250, Z = 0.05, Re = 1000,ρ = 0.001, We g = 2.5,Ũ = 2,Ẽ 0 = 1,ε l = 1.5, ε g = 1.
FIG. 15:
Effects of elasticity number of non-dimensional (a) maximum growth rate, and (b) dominant wave number, of non-Newtonian fluids atλ = 0.5, We = 250, Z = 0.05, Re = 1000,ρ = 0.001, We g = 2.5,Ũ = 2,Ẽ 0 = 1,ε l = 1.5, ε g = 1.
FIG. 16:
Effects of Reynolds number of non-dimensional (a) maximum growth rate, and (b) dominant wave number, of non-Newtonian fluids atλ = 0.5, El = 0.5, Z = 0.05,ρ = 0.001, We g = 2.5,Ũ = 2,Ẽ 0 = 1,ε l = 1.5,ε g = 1.
FIG. 17:
Effects of electric field parameter of non-dimensional (a) maximum growth rate, and (b) dominant wave number, of non-Newtonian fluids atλ = 0.5, El = 0.5, We = 250, Z = 0.05, Re = 1000,ρ = 0.001, We g = 2.5,Ũ = 2, ε l = 1.5,ε g = 1.
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Figures 2(a) and 2(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different liquid sheets under symmetric and antisymmetric disturbances, respectively. It can be seen, from Fig. 2(a) in the symmetric disturbances case, that the maximum growth rate for any non-Newtonian fluid lies above that corresponding to a Newtonian fluid. It is also obvious from Fig. 2(b) in the antisymmetric disturbances case, that the maximum growth rate for any non-Newtonian fluid is larger than that of a Newtonian liquid sheet. Therefore, we conclude that in the range of flow parameters associated with the results of Figs. 2(a) and 2(b) , the liquid elasticity results in enhancement of the instability, and hence, a sheet of such a non-Newtonian fluid is more unstable than a Newtonian liquid sheet against small disturbances. As shown in Figs. 2(a) and 2(b) , the area between the growth rate curves of the Newtonian and non-Newtonian liquid sheets is called the elasticity-induced region. In the presence of electric field, it is found that both the maximum growth rates and the corresponding wave numbers of Newtonian and non-Newtonian fluids are larger than their corresponding values in its absence in symmetric and antisymmetric disturbances cases, while in the absence or presence of electric field, the growth rates have the same values in antisymmetric disturbances for small wave number values.
Figures 3(a) and 3(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of electric field parameter E 0 under symmetric and antisymmetric disturbances, respectively. It can be seen from Fig. 3(a) that as the electric field parameter is increased, the growth rates of symmetric instability and the corresponding dominant as well as cutoff wave numbers also increase, and from Fig. 3(b) , it is found that the growth rates for antisymmetric instabilities with different electric field values remain almost identical for the wave numbers less than 0.2 in the absence or presence of electric field, but increase correspondingly at higher values of the wave number. It is also found that the instability area in the antisymmetric disturbances case is larger than the corresponding area in the symmetric disturbances case. Furthermore, it is also evident from Figs. 3(a) and 3(b) that the cutoff wave numbers stay nearly constant at the given conditions for both symmetric and antisymmetric types of disturbances. Hence, we conclude that the electric field has a destabilizing effect on the non-Newtonian liquid sheet in both symmetric and antisymmetric disturbances cases.
Figures 4(a) and 4(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of gas to liquid velocity ratio U ≤ 2 under symmetric and antisymmetric disturbances, respectively. It can be seen, from these two figures, that the obtained growth rate curves coincide for U = 0 or 2, and for U = 0.2 or 1.8, and for U = 0.4 or 1.4, for the growth rates of symmetric and antisymmetric instabilities. Therefore, we conclude that the gas to liquid velocity ratio U ≤ 2 has a dual role on the stability of the considered system destabilizing (for 1 < U ≤ 2) as well as stabilizing (for 0 ≤ U < 1). Furthermore, it is also evident from Figs. 4(a) and 4(b) that the cutoff wave numbers stay nearly constant at the given conditions for both symmetric and antisymmetric types of disturbances, while the dominant wave numbers decrease as well as increase, respectively, and that the instability region in antisymmetric disturbances is larger than the corresponding region in symmetric disturbances. Note also that when U = 1, the growth rate disappears in the absence of an electric field and it appears only in the presence of an electric field, and it lies below all other curves for any value of the gas to liquid velocity ratio U ≤ 2. Figures 5(a) and 5(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of gas to liquid velocity ratio U > 2 under symmetric and antisymmetric disturbances, respectively. It can be seen from these two figures that as the gas to liquid velocity ratio is increased, the growth rates of both symmetric and antisymmetric instabilities and the corresponding dominant and cutoff wave numbers increase, showing thereby the destabilizing influence of the gas to liquid velocity ratio U > 2.
Figures 6(a) and 6(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of dielectric constant parametersε l andε g (whenε l <ε g ) under symmetric and antisymmetric disturbances, respectively. It can be seen, from Fig. 6(a) , in the symmetric disturbances case, that the starting wave numbers of the growth rates decrease, while the maximum growth rates and both the dominant and cutoff wave numbers considerably increase as the dielectric constants are increased, and hence the instability areas increase, showing thereby the destabilizing effects of dielectric constants in this case. It can be seen, from Fig. 6(b) , in the antisymmetric disturbances case, that the growth rates keep almost identical for the wave numbers less than 0.2 irrespective of the dielectric constants, but increase correspondingly at higher values of the wave numbers, and also both the dominant and cutoff wave numbers increase. Hence, we conclude that the dielectric constantsε l andε g (whenε l <ε g ) have destabilizing effects, and that the system in antisymmetric disturbances is more unstable than that in the symmetric disturbances case. Figures 7(a) and 7(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of dielectric constant parametersε l andε g (wheñ ε l >ε g ) under symmetric and antisymmetric disturbances, respectively. It can be seen, from these two figures, that as the dielectric constants are increased, the growth rates of both symmetric and antisymmetric instabilities and the corresponding dominant and cutoff wave numbers decrease, showing thereby the stabilizing influence of the dielectric constantε l andε g (whenε l >ε g ). Therefore, the dielectric constants are found to have a dual role on the stability of the considered system destabilizing as well as stabilizing depending on whetherε l ≶ε g , respectively, and the presence of gas to liquid velocity ration U is found to confirm the obtained previous results. Figures 8(a) and 8(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of time constant ratioλ under symmetric and antisymmetric disturbances, respectively, in the cases when U = 1.8, 2, 2.2. It can be seen, from these two figures, that as the time constant ratio is reduced, the growth rates of symmetric and antisymmetric instabilities with different time constant ratio remain almost identical for the wave numbers less than 0.5, but increase correspondingly at higher values of the wave numbers, and the presence of gas to liquid velocity ratio confirms the previous results mentioned in Figs. 4 and 5. Furthermore, it is also evident from Figs. 8(a) and 8(b) that the cutoff wave numbers stay nearly constant while the dominant wave numbers slightly decrease at the given conditions for both symmetric and antisymmetric types of disturbances, and the instability area in antisymmetric disturbances case is larger than its corresponding area in the symmetric disturbances case. Therefore, we conclude that the time constant ratioλ has a stabilizing effect on the considered system.
Figures 9(a) and 9(b) show the variation of the non-dimensional growth rate Ω r with the non-dimensional wave number K for different values of the elasticity number El under symmetric and antisymmetric disturbances, respectively. It is observed that as the liquid elasticity decreases, for the wave number less than 0.5, the values of the disturbance growth rates of both symmetric and antisymmetric instabilities remain almost identical. At higher values of the wave number, the growth rates of symmetric and antisymmetric instabilities decrease with the reduction of the liquid elasticity. When the elasticity number is equal to zero, the corresponding growth rate curve of non-Newtonian fluids is transformed into that of Newtonian ones, since the fluid has become Newtonian at this condition. Therefore, it is concluded that the liquid elasticity effects always tend to increase the wave growth rate in non-Newtonian liquid sheets for both symmetric and antisymmetric disturbances. Thus, it is further confirmed that the non-Newtonian liquid sheets are more unstable than Newtonian ones. In addition, it is clear from Figs. 9(a) and 9(b) that the instability range does not change with the elasticity number for symmetric and antisymmetric disturbances, while the instability area and the maximum growth rate in antisymmetric disturbances case are larger than its corresponding values in symmetric disturbances case, and that the system in antisymmetric disturbances is more unstable in the symmetric disturbances under the effect of elasticity number. Therefore, we conclude that the elasticity number El has a destabilizing effect on the considered system.
It is known that the liquid viscosity is involved not only in the Ohnesorge number Z, but also in the Reynolds number Re, and that the Ohnesorge number Z and the Reynolds number Re are related to the liquid Weber number We via the relation We = Z 2 Re 2 . Hence, when the liquid viscosity is varied, both Z and Re change accordingly for a given We, since the liquid Weber number does not change with the liquid viscosity. Figures 10(a) and 10(b) display the effects of the liquid viscosity through the Ohnesorge number Z (or the Reynolds number Re) on the nondimensional growth rate Ω r with the non-dimensional wave number K of non-Newtonian liquid sheets for symmetric and antisymmetric disturbances, respectively. It is seen from Figs. 10(a) and 10(b) that as the Ohnesorge number is increased (or the Reynolds number is decreased), for wave numbers less than 0.3, the values of the growth rates of liquid sheets are nearly the same for both symmetric and antisymmetric disturbances. At higher values of the wave numbers, the growth rates of the two kinds of fluids are reduced as a result of increasing the liquid viscosity. However, the instability range does not change with the Ohnesorge numbers or the Reynolds numbers. Hence, we conclude that the viscosity of non-Newtonian liquid sheet has a stabilizing effect on the considered system.
It is known also that the gas and liquid Weber numbers have the relation We g /We = ρ, and for constant Ohnesorge number Z and Reynolds number Re, the liquid Weber number We does not change as mentioned above. Figures 11(a) and 11(b) display the effects of the gas to liquid density ratio ρ (or the gas Weber number We g ) on the non-dimensional growth rate Ω r with the non-dimensional wave number K of Newtonian and non-Newtonian liquid sheets for symmetric and antisymmetric disturbances, respectively. It is seen from Figs. 11(a) and 11(b) that when the gas to liquid density ratio ρ (or the gas Weber number We g ) is increased, both the growth rates and the cutoff wave numbers of non-Newtonian liquid sheets increase drastically. Thus, it is concluded that the high ambient gas density enhances the instability of non-Newtonian liquid sheets for both symmetric and antisymmetric disturbances. Hence, we conclude that both the gas Weber number and gas to liquid density ratio of non-Newtonian liquid sheet have destabilizing effects on the considered system. Note that, since the gas and liquid Weber numbers have the relation We g /We = ρ, and hence We = We g / ρ, i.e., for a constant value of ρ ≪ 1, the liquid Weber number is proportional to the gas Weber number, and it has a bigger value than We g . Therefore, we conclude that the liquid Weber number We has a stronger destabilizing effect than the gas Weber number We g .
Note that the surface tension is involved in the gas Weber number We g and the Ohnesorge number Z such that as the surface tension is increased, the gas Weber number We g and the Ohnesorge number Z decrease. Also, since the following relation We g = ρZ 2 Re 2 can be obtained, then for the given gas to liquid density ρ and the liquid Reynolds number Re, the gas Weber number We g increases (or decreases) by increasing (or decreasing) the Ohnesorge number Z. Figures 12(a) and 12(b) display the effects of the liquid surface tension through the gas Weber number We g (or the Ohnesorge number Z) on the non-dimensional growth rate Ω r with the non-dimensional wave number K of nonNewtonian liquid sheets for symmetric and antisymmetric disturbances, respectively. It is obvious from Figs. 12(a) and 12(b) that both the growth rate and the instability range of symmetric and antisymmetric disturbances decrease substantially with the decrease of the gas Weber number We g (or the Ohnesorge number Z), indicating that increasing surface tension results in decreasing growth rate of disturbances which stabilizes the non-Newtonian liquid sheets. Moreover, since the gas Weber number is proportional to the thickness of the liquid sheets, an increase of the liquid sheet thickness will lead to an increase of the gas Weber number. As a result, thicker liquid sheets are more unstable.
Finally, since the liquid sheet velocity U is involved in the liquid Reynolds number Re and the gas Weber number We g , then it is known from the definitions of Re and We g that increasing the liquid sheet velocity U results in increasing the liquid Reynolds number Re and the gas Weber number We g . Figures 13(a) and 13(b) display the effects of the liquid Reynolds number Re (or the gas Weber number We g ) on the non-dimensional growth rate Ω r with the non-dimensional wave number K of non-Newtonian liquid sheets for symmetric and antisymmetric disturbances, respectively. It is obvious from Figs. 13(a) and 13(b), and moreover also from Figs. 10(a,b)-12(a,b) that, as the Reynolds number or the gas Weber number is increased, both the growth rates of disturbances and the instability range of non-Newtonian liquid sheets increase substantially, which destabilizes the non-Newtonian liquid sheet. Hence, we concluded that the liquid sheet velocity has a destabilizing effect on the considered system by increasing both the Weber number and Reynolds number.
We noticed in Figs. 10-13, when U ≤ 2, that the system in the antisymmetric disturbances case is more unstable than in the symmetric disturbances case since the maximum growth rates in the former case are higher than their values in the latter case rather than the instability areas in antisymmetric disturbances is larger than their values in symmetric disturbances which indicates that antisymmetric disturbances always prevail over symmetric disturbances for non-Newtonian liquid sheets only for U ≤ 2. In the other case, when U > 2, it is found that the growth rates, for both symmetric and antisymmetric disturbances, behave exactly in the same manner and they are considerably increased by increasing the gas to liquid velocity ratio U (but figures are not given here) in coincidence with our previous results.
In closing the discussion, it is more convenient to show the effects of various parameters mentioned above on both the maximum growth rates and the dominant wave numbers for symmetric and antisymmetric disturbances, and hence the plots of such effects are presented in Figs. 14(a,b)-17(a,b) . Figures 14(a) and 14(b) exhibit the effects of the time constant ratioλ on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances. It is seen from Figs. 14(a) and 14(b) that both the maximum growth rate and the dominant wave number decrease with the time constant ratio. Moreover, it is also observed that the maximum growth rate of antisymmetric disturbances is always larger than that of symmetric disturbances, while the dominant wave number is always less than that of symmetric disturbances. The effects of the Ohnesorge number Z on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances are found to behave in the same manner as the time constant ratioλ. Figures 15(a) and 15(b) show the effects of elasticity number El on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances. It is seen from Figs. 15(a) and 15(b) that both the maximum growth rate and the dominant wave number increase as the elasticity number is increased from 0 to 0.5, and stay almost identical at higher values of the elasticity number. Moreover, it is also observed that when the elasticity number varies, antisymmetric disturbances have higher maximum growth rate than symmetric disturbances, while the opposite is true for the dominant wave number.
Figures 16(a) and 16(b) give the Reynolds number Re on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances. As the Reynolds number is increased, the maximum growth rate and the dominant wave number increase significantly, indicating that non-Newtonian liquid sheets destabilize more easily at high values of Reynolds number and any electric field value. It is also obvious from Figs. 16(a) and 16(b) that the maximum growth rate of antisymmetric disturbances is always larger than the corresponding value for symmetric disturbances, whereas the dominant wave number for antisymmetric disturbances is always smaller than that of symmetric disturbances. The effects of the gas Weber number We g , and the liquid Weber number We the gas to liquid density ratioρ on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances are found to behave in the same manner as the Reynolds number Re. For the effect of ρ, it is obvious that the maximum growth rate of antisymmetric disturbances slightly dominates, while the dominant wave number for symmetric disturbances is slightly larger than for antisymmetric ones, and they approach each other asymptotically at large values of gas to liquid density, but the corresponding figures for We g , We, andρ are not given here.
Figures 17(a) and 17(b) give the electric field parameterẼ 0 on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances. It is seen from Figs. 17(a) and 17(b) that both the maximum growth rate and the dominant wave number increase with the electric field parameter. Moreover, it is also observed that maximum growth rate of antisymmetric disturbances is larger than or less than that of symmetric disturbances for small or large values of the electric field parameter, while the opposite is true for the dominant wave number. The effects of the dielectric constantsε l andε g on the maximum growth rate and the dominant wave number, respectively, for symmetric and antisymmetric disturbances are found to behave in the same manner as the electric field parameterẼ 0 . For the effect of gas to liquid velocity ratio U , we found that the maximum growth rate of antisymmetric disturbances behaves in the same manner as the electric field parameterẼ 0 shown in Fig. 17(a) , while the dominant wave number for symmetric disturbances is larger than for antisymmetric ones, and that both symmetric and antisymmetric disturbances decrease by increasing U , but the figures for the dielectric constants and gas to liquid velocity ratio are not given here to save spaces.
CONCLUSIONS
In this paper, we have investigated the linear electrohydrodynamic instability of a non-Newtonian dielectric liquid sheet issued in an inviscid dielectric gas medium of different velocities using the Oldroyd eight-constant model. The dispersion relations between the growth rate and wave number of both symmetric and antisymmetric disturbances are derived, and some limiting cases are recovered. The effects of various parameters included in the analysis, namely the electric field parameter, gas to liquid velocity ratio, gas and liquid dielectric constants, time constant ratio, liquid elasticity, liquid viscosity, liquid density ratio, surface tension, and liquid sheet velocity on the growth rates of symmetric and antisymmetric disturbances are studied in detail using a simple numerical technique, and the following conclusions, for symmetric and antisymmetric disturbances, are drawn:
(1) The liquid elasticity results in enhancement of the instability of the system.
(2) The antisymmetric disturbances always prevail over symmetric disturbances for non-Newtonian liquid sheets only for U ≤ 2.
(3) The applied electric field, elasticity number, liquid velocity, liquid and gas Weber numbers, and gas to liquid density ratio have destabilizing effects on the non-Newtonian liquid sheet.
(4) The time constant ratio, surface tension, and liquid viscosity have stabilizing effects on the considered system.
(5) The gas to liquid velocity ratio has a dual role on the stability of the system (stabilizing as well as destabilizing) if its value U ≤ 2, while it has a destabilizing effect if its value U > 2. When U = 1, the growth rate disappears in the absence of electric field and it appears only in the presence of electric field, and it lies below all the curves for which U ≤ 2.
(6) The dielectric constants have a dual role on the stability of the considered system destabilizing or stabilizing depending on whetherε l ≶ε g , respectively.
(7) Thicker liquid sheets are more unstable than thinner ones, since the thickness of the liquid sheets is proportional to the gas Weber number; see Liu et al. (1998) among others.
(8) The maximum growth rates of antisymmetric disturbances are larger than that of symmetric disturbances, while the dominant wave numbers of antisymmetric disturbances are smaller than that of symmetric disturbances in the pure hydrodynamical case.
To the first-order terms, by neglecting the zero-order, second-, and higher-order terms, we obtain the boundary condition (28).
APPENDIX B
If we study the case for symmetric disturbances, then the boundary conditions will be written in the form
and the solutions for liquid and gas, respectively, are 
for y ≥ a and y ≤ −a, respectively. To find the dispersion relation we substitute from Eqs. (14), (B8), (B9), (B12) into the normal stress condition (B5) at y = a or y = −a, the obtained result will be the same since coth(−ka) = coth(ka). Finally, we conclude that the dispersion relations for antisymmetric and symmetric are the same by replacing every tanh with coth.
